Non-minimally coupled ( 6 = 0) self-interacting scalar eld distributions on the domain of outer communications of a non-rotating strictly stationary black hole are studied. It is concluded that for distributions bounded at the horizon the space-time is static, or the eld takes the unique values = 1= p .
The subject of this work is to establish that a non-rotating strictly stationary black hole with a non-minimally coupled self-interacting scalar eld is static, under the boundness assumption at the horizon for the scalar distribution, or the scalar eld takes unique values depending in the non-minimal coupling parameter. This result is useful in order to remove the staticity assumption in \no-hair" theorems proved for non-minimally coupled scalar elds in non-rotating stationary black holes, cf. e.g. 1] for the conformal case, and 2{5] for other results recently derived for more general coupling assuming not only staticity but also spherical symmmetry as well.
All the available \no-hair" theorems for non-rotating stationary black holes are based on staticity, i.e., the asymptotically time-like Killing eld k, that coincides with the null generator of the horizon H + , has to be hypersurface orthogonal. Therefore, to establish the uniqueness on the nal state of this systems, we have to make use of staticity theorems. Generalizing a previous result of Lichnerowicz 6] , the staticity theorem for vacuum black holes was proved 7,8] assuming strict stationarity, i.e., k is time-like (V ?(kjk) 0) in all the domain of outer communications hhJ ( ii. The extension of this proof to electrovac black holes 9] works only under a more restrictive condition than strict stationarity, and that has resulted unphysical since it is violated by Reissner-Nordstr om black holes with electric charge in the interval 4M=5 < Q < M . In a more recent attempt 10,11] both staticity theorems, for vacuum and electrovac black holes, has been proved without the previous assumptions and using a maximal slice, the existence of which has been proved in 12]. In presence of scalar models staticity has been proved too under strict stationarity 14, 15] .
Let us consider the action for a non-minimally coupled self-interacting scalar eld
where is a real parameter (the values = 0 and = 1=6 correspond to a minimal and conformal coupling). The variation with respect to the scalar eld and to the metric respectively yield the Klein-Gordon equation
(2) and the Einstein equations R = 1 ? 2 (r r + 1 2 (U( ) ? 2 2 ) ? r r 2 ):
(3)
For this system of equations we have two alternatives: a) 2 1= in hhJ ( ii, or b) 2 6 1= in hhJ ( ii. The rst case singled out self-interactions with U ( 1= p ) = 0 in order to avoid singularities, which may occur since in this case
The second branch b) implies staticity, i.e., the eld k is hypersurface orthogonal, which is equivalent, by the Frobenius theorem, to the vanishing of the twist 1-form
where is the volume 4-form. To prove this statement we shall nd the explicit dependence of ! in terms of by solving the di erential equations 9] r ! = 2k R ] ;
where R k R is the Ricci vector, which can be evaluated from (3); using the stationarity of the scalar eld ($ k ( ) k r = 0) and the identity k r r 2 = ?r k r 2 , one gets R = 1 ? 2 ( 1 2 k (U( ) ? 2 2 ) + r k r 2 ):
Replacing it in (6), using the Killing vector de nition (r k = r k ] ), one obtains r ! = 2 1 ? 2 k r k ] r 2 ;
which taking into account (5), can be rewritten as r ! = 2 3 1 ? 2 r 2 ! ; (9) or in the language of di erential forms d! = d(ln (1 ? 2 ) ?2=3 ])^!:
Thus, since hhJ ( ii is simply connected 16], by the Poincar e lemma a global potential U exist such that ! = (1 ? 2 ) ?2=3 dU:
The potential U is constant on each connected component of the event horizon H + for eld distributions bounded in this region; this follow from (11) because ! = 0 in H + , that is a Killing horizon with normal vector k. The same result is achieved for the asymptotic regions, provided that any stationary black hole with a bifurcate Killing horizon admits a maximal hypersurface asymptotically orthogonal to k 12]. 1 We shall show that the potential U is constant in all of the hhJ ( ii. For minimal coupling ( = 0) this directly yields staticity (11) as has been proved by Heusler 14] , his proof extends trivially to non-minimal systems. 2 For any function f and 1-form , d y (f ) = f d y ? (df j ), where d y = d is the co-di erential operator, consequently
where (11) 
using now the identity 2 (k^!=V 2 ) = d(k=V ) from 15], (13) can be brought to the form
The boundary @ is constituted by the internal boundary H + \ and the asymptotic regions.
Since U is constant on each connected component of that boundaries it can be pulled out from the corresponding boundary integral at the left hand side of (14) . The asymptotic regions and the connected components of the horizon are all topological 2-spheres 16], therefore the left hand side of (14) vanishes; by Stokes theorem the integral of an exact form over a manifold without boundary vanishes. The right hand side of (14) is non-negative due to that dU is space-like by parallelism with ! (11), which is orthogonal by de nition (5) to the time-like vector k, then from (14) it follows that U is constant, and consequently (1 ? 2 ) 2=3 ! = 0:
Since k is time-like in hhJ ( ii the elliptical nature of the eld equations (2-3) guaranties that and the metric g are analytical in appropriate coordinates 17]. Then, in any open domain V of the already mentioned coordinates 2 6 1= , since the converse is in contradiction with b) by the analyticity of and the connectedness of hhJ ( ii. In particular, if 2 6 = 1= in V it follows from (15) that ! = 0 there. If 2 (p) = 1= for some p 2 V and since 2 6 1= in V , the level surfaces L ?1 ( 1= p )\V are given by a nite union of 0-dimensional (point-like),1-dimensional, 2-dimensional, and 3-dimensional analytic submanifolds of V . 3 Since by (15) ! = 0 in V n(L + L ? ), then by continuity through the lower dimensional manifolds that make up L , ! vanish too on L . Finally we conclude that a) and b) are equivalent respectively to: a') 2 1= in hhJ ( ii, or b') ! 0 in hhJ ( ii;
in a non-rotating strictly stationary black hole with a non-minimally coupled self-interacting scalar eld, the scalar eld takes the unique values = 1= p , or the domain of outer communications hhJ ( ii is static, provided that only eld distributions bounded at the horizon H + are considered. As in the minimal case 14] this result remains valid when no horizon is present.
